In this paper we study the following problem proposed by Barrus, Ferrara, Vandenbussche, and Wenger [1]. Given a graph H and an integer t, what is sat t (n, R(H)), the minimum number of edges in a t-edge-coloured graph G on n vertices such that G does not contain a rainbow copy of H, but adding to G a new edge in any colour from {1, 2, . . . , t} creates a rainbow copy of H?
Introduction
In Extremal Graph Theory, over many decades, much attention has been paid to the following two types of question. One is the classical Turán-type problem [11] which asks for the maximum number of edges a graph on n vertices can have provided it does not contain as a subgraph any member of a fixed class of graphs. The other question is concerned with another extreme, namely to determine the minimum number of edges in a graph G on n vertices which is H-free but for which the addition of any edge between two non-adjacent vertices of G creates a copy of H, for some graph H. Given a graph H, we shall say that a maximal (with respect to inclusion) H-free graph is H-saturated. The latter question can then be reformulated: What is the smallest number of edges in a H-saturated graph on n vertices?
This number, usually denoted by sat(n, H), was first studied by Zykov [12] and independently by Erdős, Hajnal, and Moon [5] who proved that sat(n, K r ) = (r − 2)(n − 1) − r−2 2 . Soon after, Bollobás [2] showed that sat(n, K ℓ s ) = n ℓ − n−(s−ℓ) ℓ , where K ℓ s is the complete ℓ-uniform hypergraph on s vertices. Later, Kászonyi and Tuza [8] showed that the saturation number sat(n, F) is linear in n for every collection of graphs F. For more information on saturation numbers we refer the reader to the survey of Faudree, Faudree, and Schmitt in [6] .
In this article, we are interested in a variation of the saturation numbers, following the approach of Hanson and Toft [7] who extended this notion to edge-coloured graphs. We shall introduce some definitions first. We define a t-edge-coloured graph to be an ordered pair (G, c), where G is a graph and c is a t-edge-colouring of G, i.e., function from the edge set of G to the set {1, 2, 3, . . . , t}, whose elements we call colours. An edge-coloured subgraph of G is a pair (H, c| E(H) ), where H is any subgraph of G. In the sequel, we will usually identify the coloured graph (G, c) with the graph G, especially when it is clear from the context which colouring is being used. Note that we do not require edge-colourings to be proper. Given an integer t and a family F of t-edge-coloured graphs, we say that a t-edge-coloured graph (G, c) is (F, t)-saturated if (G, c) contains no member of F as an edge-coloured subgraph, but the addition of any non-edge in any colour from the set {1, 2, . . . , t} creates a copy of a coloured graph in F. Similarly to the usual saturation problem, one denotes by sat t (n, F) the minimum number of edges in a (F, t)-saturated t-edge-coloured graph on n vertices. In [7] , Hanson and Toft proved that for any sequence of positive integers 2 ≤ k 1 ≤ k 2 ≤ . . . ≤ k m , sat t (n, M(K k 1 , K k 2 . . . , K km )) = n 2 if n ≤ k − 2m k−2m 2 + (k − 2m)(n − k + 2m) if n > k − 2m,
k i and M(K k 1 , K k 2 . . . , K km ) is the collection of coloured graphs consisting of a monochromatic copy of K k i in colour i, for each i ∈ {1, 2, . . . , m}.
In this paper, we investigate some problems proposed by Barrus, Ferrara, Vandenbussche, and Wenger in [1] . Given a graph H and t ≥ e(H), we let R(H) to be the collection of all rainbow copies of H, i.e. all t-edge-coloured graphs (H, c) where each edge is assigned a different colour from {1, 2 . . . , t}. We shall call sat t (n, R(H)) the t-rainbow saturation number of H, and, if the set of colours is infinite (say the set of natural numbers) we shall simply write sat (n, R(H)) and call it the rainbow saturation number of H. Here we are interested in determining the value of sat t (n, R(H)) for a fixed graph H. Barrus et al., in [1] , proved several beautiful and surprising results concerning these numbers. In particular, they showed a rather interesting phenomenon, namely that there are graphs whose t-rainbow saturation numbers grow considerably faster as a function of n then the usual saturation numbers. For example, they proved that for every integer r and t ≥ n log n log log n ≤ sat t (n, R(K r )) ≤ c 2 n log n.
In the same paper, the authors determined the t-rainbow saturation number of stars, showing that sat t (n, R(K 1,k )) = Θ(n 2 ) for any positive integers t ≥ k ≥ 2. This result confirms that the growth rates of rainbow saturation numbers behave very differently from the usual saturation numbers. They also state the following conjecture.
Conjecture 1. For any integers r and t with t ≥ r 2 , sat t (n, R(K r )) = Θ(n log n).
One of our aims in this paper is to prove this lovely conjecture. Moreover, we show that any graph H without isolated vertices satisfying sat t (n, R(H)) = Θ(n 2 ), for some t ≥ e(H), must be a star. This answers a question posed in [1] asking if stars were the only graphs with quadratic t-rainbow saturation numbers. Observe that the function sat t (n, R(H)) is monotonically decreasing in t for every graph H. Therefore, one just needs to show sat t (n, R(H)) = o(n 2 ) for t = e(H). Indeed, we show the following stronger result. Theorem 1. Let H be a graph without isolated vertices which is not a star. Then, for any t ≥ e(H), sat t (n, R(H)) = O(n log n).
Observe also that for any graph H the addition of isolated vertices does not change the rainbow saturation numbers for n sufficiently large.
Given a graph H we say that a vertex x ∈ V (H) is conical if its degree is |H| − 1 and we say an edge is pendant if one of its endpoints has degree 1. For any r ≥ 4, we define K r with a rotated edge to be the graph obtained by taking with a copy of K r , adding a new vertex, and "rotating" one edge by replacing one of its endpoints with the new vertex, as in Figure 1 . In the next result, we completely characterize the growth rates of t-rainbow saturation numbers of every connected graph H with no leaves, for every t ≥ e(H). Actually, we prove a slightly stronger result. Theorem 2. Let H be a connected graph of order at least 3. Then, for every t ≥ e(H), sat t (n, R(H)) equals:
(ii) Θ(n log n) if H has a conical vertex but is not a star.
(iii) Θ(n log n) if every edge of H is in a triangle.
(iv) Θ(n) if H contains a non-pendant edge which does not belong to a triangle.
(v) Θ(n) if H is K r with a rotated edge and r ≥ 4 is an even number.
We note that if H is connected with no pendant edges, then, for any t ≥ e(H), sat t (n, R(H)) = Θ(n log n) if every edge belongs to a triangle (by (iii)) and sat t (n, R(H)) = Θ(n) otherwise (by (iv)).
It is easy to check that all graphs excluded from the classification of Theorem 2 can be constructed by starting with a connected graph in which every edge lies in a triangle and adding pendant edges to the graph. Observe that not all graphs constructed in this way are excluded, as the class of such graphs includes all cliques with a rotated edge and some graphs with a conical vertex. For simplicity, we denote by B the class of all connected graphs excluded from the classification of Theorem 2.
Although we have not determined the correct order of magnitude of the t-rainbow saturation numbers of any graph H in B for all t ≥ e(H), in almost all cases, we were able to determine the order of magnitude of sat t (n, R(H)) for all sufficiently large values of t. Barrus et al. [1] showed that if H is a graph on at least five vertices with a leaf whose neighbour is not a conical vertex and the rest of the vertices do not induce a clique then for any t ≥ |H|−1 2
we have sat t (n, R(H)) = Θ(n). Our next result covers almost all the remaining graphs containing a leaf. We show that for every H in B (with the exception of K r with a rotated edge with r odd), the t-rainbow saturation number of H is linear, for all t sufficiently large. Theorem 3. Let H be a connected graph with no conical vertex and containing at least one pendant edge. Moreover, suppose H is not a copy of K r with a rotated edge for any odd r ≥ 5. Then, for every t ≥ |H| 2 ,
In all of the results discussed above we assumed that the number of available colours, t, is always fixed and does not grow with n. In Theorem 19 we scratch the surface of the case when t = t(n) grows with n and prove that for any r ≥ 3 there exists a constant c r > 0 such that for any t ≥ r 2 we have sat t (n, R(K r )) ≤ max c r log t n log n, 2(r − 2)n .
In particular, it shows (by taking t(n) to be at least linear in n) that sat (n, R(K r )) = Θ(n), for any r ≥ 3. Finally, we shall remark that we did not rule out the existence of a "sharp threshold" for some connected graph H, i.e., a t ≥ e(H) such that sat t+1 (n, R(H)) = o(sat t (n, R(H))) as a n → ∞. However, if such graph exists it must belong to B, by Theorem 2. Note also that the set of connected graphs for which we have not determined the correct growth rate of their t-rainbow saturation numbers for large enough t consists exactly of the aforementioned K r 's with a rotated edge for odd r ≥ 5.
Organization and Notation
The remainder of this paper is organized as follows. In Section 2, we prove lower bounds for the t-rainbow saturation number of two classes of graphs, namely graphs where every edge belongs to a triangle and graphs which contain a conical vertex, allowing us to establish the correctness of Conjecture 1. In Section 3, we shall prove Theorem 1 when restricted to the class of connected graphs, as well as the main parts of the proof of Theorem 2 and Theorem 3. We split the argument in the following way. First, in Subsection 3.1, we show item (iv) of Theorem 2 and in Subsection 3.2, we prove Theorem 1 assuming the graph is connected. Secondly, in Subsection 3.3, we establish item (v). In Subsection 3.4, we shall give upper bounds (depending on t), for the t-rainbow saturation numbers of complete graphs. We also show that, when the palette of colours is infinite, the rainbow saturation numbers of complete graphs are linear. In Section 4, we complete the proof of Theorem 1, showing it also holds for disconnected graphs without isolated vertices. In Section 5, we deduce from the results proved in previous sections Theorems 2 and 3. Finally, in Section 6 we make some remarks and propose some conjectures and questions that we would like to be investigated.
The notation we use is mostly standard. For a graph G we define e(G) to be the number of edges in G. For S ⊆ V (G), we denote by e(S) the number of edges with both endpoints in S, and, for S, T ⊆ V (G), we denote by e(S, T ) the number of edges with one endpoint in S and the other in T . A non-edge of G is an edge of G. Moreover, we say a non-edge in a graph G is R(H)-saturated if adding e in any colour from the palette of colours understood by the context creates a rainbow copy of H. Also, if v is a vertex in an edge-coloured graph, we say informally that v sees a given colour if it is incident with an edge of that colour. For any positive integer k, we define the k-star to be the graph K 1,k . All logarithms are base 2.
Lower bounds
In this section, we show that if a graph possesses certain properties then its t-rainbow saturation numbers grow at least as fast as n log n. Before doing so, we will need the following trivial lower bound for the rainbow saturation numbers of a connected graph on at least three vertices.
Lemma 4.
If H is a connected graph on at least three vertices then sat (n, R(H)) ≥ n−1 2 . Proof. It is easy to check that if G is an R(H)-saturated graph then it has at most one isolated vertex, hence e(G) ≥ n−1 2 . Indeed, observe first that, since H is connected and has at least three vertices, every edge in H has an endpoint with degree at least 2. Therefore, if there are two isolated vertices in G, say x and y, then adding the edge xy to G with any colour must create a copy of H, hence either x or y must have degree at least 1, which gives a contradiction.
The following theorem improves a result of Barrus et al. [1] and, in particular, proves Conjecture 1.
Theorem 5.
If H is a graph in which every edge lies in a triangle and t ≥ e(H), then , where, for any colour k, S k v = {u ∈ V (G) : uv is a k-coloured edge in G}. Because adding a new edge to G and colouring it 1 must create a rainbow triangle, every non-edge of G is covered by at least one of these bipartite graphs. Let
be an independent set of random variables and, for each v ∈ V (G) and each pair of colours i < j, i, j = 1, set
Notice that, if uw is a non-edge, then at least one of u and w is not in U . U is therefore a clique, so
We also have the lower bound
Combining these inequalities gives us
and, taking the average over all colours, we obtain
If there is a constant γ such that m < (γ + o(1))n log n, then m = n 1+o(1) and
Using a similar technique we can show that every graph with a conical vertex also has large t-rainbow saturation numbers.
Theorem 6.
If H is a graph with a conical vertex and |H| ≥ 3, then, for any t ≥ e(H),
Proof. Let H be a non-star graph with a conical vertex v and, for each n ∈ N, let (G, c) = (G n , c n ) an R(H)-saturated t-edge-coloured graph. As G has at most one isolated vertex, we can find a set S ⊂ V (G) of size at least n−1 t such that every vertex in S sees the same colour, say 1. Now we claim that, for every non-edge xy with x, y ∈ S, there is a rainbow path of length 2 between x and y with colours in {2, 3, . . . , t}. Suppose it does not hold, then when we add some e = xy and colour it 1, we must create a copy H ′ of H. Hence, one of the endpoints of e (say x) must play the role of v and the other (say y) plays the role of a leaf in H. However, if this were the case, there would already exist a rainbow copy of H in G, namely H ′ \ {y} ∪ {z} where z is a neighbour of x with the edge xz coloured 1. Now we can apply the same technique used in the proof of Theorem 5.
As before, for each vertex x ∈ G and each pair i < j of colours other than 1, consider the complete bipartite graph B i,j x with parts S i x and S j x , where, for any colour k, S k v = {u ∈ S : uv is a k-coloured edge in G}. Because every non-edge between vertices of S is joined by a rainbow path in colours other than 1, each of them is covered by at least one of these bipartite graphs. Let X i,j x ∼ Bernoulli 1 2 : x ∈ V (G), i < j, i, j = 1 be an independent set of random variables and, for each x ∈ V (G) and each pair of colours i < j, i, j = 1, set
If uw is a non-edge, then at least one of u and w is not in U . Hence U is a clique, so |U | ≤ m 1 2 +o(1) . We also have
Upper bounds for connected graphs
Throughout this section we will assume that all investigated graphs are connected and have at least three vertices. The aim of this section is to provide constructions of rainbow saturated graphs which, in some cases, are optimal up to multiplicative constants. First we show that if H has a cycle then sat t (n, R(H)) ≤ O(n log n) for any t ≥ e(H). Next, for any graph H with a non-pendant edge not contained in any triangle, we give constructions of t-coloured graphs on n vertices and Θ(n) edges which are R(H)-saturated. Observe that if H is not a star then either H contains a cycle or H is a tree which has a non-pendant edge, hence by the aforementioned results sat t (n, R(H)) ≤ O(n log n) for any t ≥ e(H). This answers a question from [1] for connected graphs, i.e., stars are the only connected graphs with quadratic rainbow saturation numbers. We also provide provide constructions of R(K r )-saturated graphs on t colours, when t is a function of n.
Graphs with a non-pendant edge not contained in any triangle
In this subsection we show that if H is a graph with a non-pendant edge not contained in any triangle then for any integers t ≥ e(H), n ≥ 1 we have sat t (n, R(H)) ≤ c H n, where c H depends only on H.
Let H be a connected graph on p ≥ 3 vertices and m edges and suppose there is an edge e = xy ∈ E(H) which is not in any triangle. For n ≥ |H| · e(H), we shall first construct a graph G = G n,H,e on n vertices together with an edge colouring c = c n,H,e :
such that the vast majority of the non-edges of (G, c) are R(H)-saturated and, if H satisfies some additional conditions, (G, c) is R(H)-free.
Let {e 1 , . . . , e m = e} and {v 1 , . . . , v p−1 = x, v p = y} be enumerations of the edges and vertices of H, respectively. For every i ∈ [m], let H i be a copy of H \ {x, y} with the vertex set
and L is an independent set of size n − |K|. Moreover, for every u ∈ L, join u with v i j ∈ K if and only if either xv j or yv j is an edge in H.
Having defined G, let us define an edge colouring c of G. Let w 1 w 2 be an edge in G. Since L is independent we can assume that w 1 = v i j , for some i ∈ [m] and j ∈ [p − 2]. Consider now two cases depending on which part w 2 belongs:
we consider s such that e s = xv j or e s = yv j .
It follows from the fact that e is not in a triangle that s is well defined. Now, we define c(w 1 w 2 ) = s if s = i and c(w 1 w 2 ) = m otherwise. First, we shall show that every non-edge in L is R(H)-saturated.
Proof. Take any non-edge w 1 w 2 in L and any colour i ∈ [m]. It is easy to check that adding the i-coloured edge w 1 w 2 to the graph creates a rainbow copy of H in {w 1 , w 2 , H i }.
Now we shall describe the properties H must have if there exists a rainbow copy of H in (G, c).
Lemma 8. Let W be a rainbow copy of H in (G, c).Then, all the following hold.
(iii) There is exactly one vertex in W , say z, such that z ∈ L.
, the only k-coloured edges in (G, c) are exaclty those edges which are 'copies' of e k , in other words,
Note that since H is connected and W must intersect at least two distinct H i 's, it follows that |W ∩ L| ≥ 1. Moreover, it follows from 1. and 2. that for every i
for which there exists two copies of v i , v j in W then |W | ≥ (p − 2) + 2 + 1 = p + 1, which is a contradiction. Therefore, there is at most one index which is not unique.
To finish the proof of (ii), (iii), it is enough to show that |W ∩ K| ≥ p − 1. Let us consider where the edge f m , of colour m appears in
for some k ′ = k we have that both i and j are not unique in W , which cannot happen as we have seen. Therefore, we may assume that f m = zv k i for some z ∈ L and i, k. By construction v i is adjacent to either x or y. Without loss of generality, we can assume that v i is adjacent to x, and again by construction, e k = v i x. Since f k = wv k ′ i , for some w ∈ L and k ′ = k, we have that i is not unique in W . Hence, |W ∩ K| = p − 1 and |W ∩ L| = 1 and w = z.
(iv) Suppose v k i ∈ W . Notice that we already showed that if i is not unique in W then z is adjacent to v k i in W . Therefore we can assume that i is unique in W . Since v i is adjacent to either x or y, without loss of generality we can assume that v i adjacent to x, we have that v i x = e ℓ for some ℓ. Hence, as observed before,
Since there is only one vertex in L, namely z, and i is unique in W we have that w = z and
(vi) If it is not the case then both i and j are not unique in W which contradicts (ii).
Proposition 9.
If H has an edge e which is in a cycle but not in a triangle then there is no rainbow copy of H in (G, c) = (G n,H,e , c n,H,e ).
Proof. Suppose for contradiction that W is a rainbow copy of H in (G, c). Let g be the length of a longest cycle in H which uses e. We shall show that there is a natural correspondence between the g-cycles in W and the g-cycles in W not using the edge e, thus yielding a contradiction, since the number of g-cycles in W is then strictly smaller than the number of g-cycles in H. Let C be a g-cycle in W . We shall find a corresponding g-cycle
Otherwise, by Lemma 8(iii), C uses exactly one vertex from L, i.e., C = uv i
We claim that K C is a g-cycle in H. Indeed, observe first that by construction v k 1 . . . v k g−1 is a path in H. Note also that k 1 and k g−1 both have exactly one neighbour in {x, y}. Therefore if k 1 and k g−1 are both adjacent to the same vertex w ∈ {x, y} then K C is indeed a g-cycle. We can therefore assume, without loss of generality, that k 1 adjacent to x and k g−1 is adjacent to y. We note that k 1 , . . . , k g 1 , x, y is then a (g + 1)-cycle in H using the edge e = xy, which contradicts the assumption that g is the size of a longest cycle in H using the edge e.
It is easy to check now that if K C = K C ′ then we obtain a contradiction to Lemma 8(vi). Finally, there is no g-cycle C in W such that K C is a g-cycle in H using the edge e. Thus we have a contradiction.
Recall that that an edge is a bridge if its removal increases the number of connected components.
Proposition 10.
If H has a non-pendant bridge then there is an edge e ∈ H such that there is no rainbow copy of H in (G n,H,e , c n,H,e ).
Proof. If there is an edge in H which is in a cycle but not in a triangle then the result follows from Proposition 9. We can therefore assume that every edge in H which is not in a triangle is a bridge. Let e = xy, with d(x) ≥ d(y), be a non-pendant bridge in H for which d(x) is maximized. By the assumption e is well defined.
Suppose for contradiction that W is a rainbow copy of H in (G, c). We shall now count the number of non-pendant bridges in W and show that the number is strictly number than the number of non-pendant bridges in H, thus obtaining a contradiction.
Observe first that we cannot have a non-pendant bridge in W incident with any vertex z ∈ L as by Lemma 8(v) we have d(z) ≥ d(x) + d(y) − 1 ≥ d(x) + 1 which would contradict the maximality of d(x). Therefore if there is a non-pendant bridge in W then it must be inside K.
Let b = v k i v k j be a non-pendant bridge in W , for some i, j, k. We shall show that e b = v i v j is a non-pendant bridge in H. By assumption every edge in H which is not in a triangle is a bridge hence v i v j is contained in a triangle, say in v i v j v ℓ for some ℓ ∈ [p].
Observe
Note that by Lemma 8(vi) we have that e b = e b ′ for distinct non-pendant bridges b, b ′ in W . Hence we found a correspondence between the non-pendant bridges in W and the nonpendant bridges in H \ {e}, which gives a contradiction as then the number of non-pendant bridges in W is strictly smaller than the number of non-pendant bridges in H.
Theorem 11.
If H has a non-pendant edge not contained in any triangle then for any integers t ≥ e(H) and n we have
Proof. When n ≤ e(H) · (|H| − 2) the result follows easily by considering a monochromatic K n . Suppose then that n > e(H) · (|H| − 2). Consider an edge in H as in the statement of Proposition 9 or 10. Then there is no rainbow copy of H in (G = G n,H,e , c n,H,e ) and every non-edge in L is R(H)-saturated. If there are non-edges in G which are not R(H)-saturated for some colour i, we can simply add those edges to G and colour them with an appropriate colour, obtaining
Graphs with a cycle
The construction presented in this subsection will be very similar to the one in Subsection 3.1. Let H be a graph on p vertices with a cycle. Observe that if H is triangle-free then there is an edge in H which in a cycle but not in a triangle hence by a result from previous section we have that sat t (n, R(H)) = O(n). Therefore we can assume that H has a triangle. Let e = xy be an edge in H which is contained in a triangle.
As before, for n large enough we shall construct a graph G = G r n,H,e on n vertices together with an edge colouring c = c r n,H,e : E(G) → [t] such that the vast majority of the non-edges of (G, c) is R(H)-saturated and (G, c) is R(H)-free. 
Proposition 12.
With positive probability every non-edge in L is R(H)-saturated.
Proof. Let f = uv be a non-edge in L and let i ∈ [m] be any colour. Notice, that if for some j we have X u,i,j = X v,i,j then we can find our rainbow copy of H in {u, v, H i,j }. Call the pair (uv, i) bad if X u,i,j = X v,i,j for every j ∈ [h]. The probability that (uv, i) is bad is equal to P{X u,i,j = X v,i,j for every j} = 2 −h .
Since we have |L| 2 ≤ n 2 non-edges in L and m colours the expected number of bad pairs is
therefore with positive probability there is no bad pair, hence with positive probability every non-edge in L is R(H)-saturated.
Proposition 13. There is no rainbow copy of H in (G, c).
Proof. Suppose W is a rainbow copy of H in (G, c). We shall show that there is a natural correspondence between the triangles in W and the triangles in H not using the edge xy, thus obtaining a contradiction, since the number of triangles in W is then strictly smaller than the number of triangles in H. Let T be a triangle in W . We shall find a corresponding triangle
Otherwise, since L is independent, T uses exactly one vertex from L, i.e., T = v
It is easy to check now that if K T = K T ′ for some distinct triangles T and T ′ in W then at least one colour appears twice in T ∪ T ′ , which is a contradiction. Finally, there is no triangle T in W such that K T is a triangle in H using the edge xy. This proves that there is no rainbow copy of H in G.
Using those two propositions we are ready to prove the main theorem of this subsection.
Theorem 14. If H contains a cycle then
where c H = 2e(H)(|H| − 2).
Proof. By Theorem 11 from the previous subsection we can assume that H contains a triangle. Let e be an edge in H contained in a triangle. For n large enough, it follows from Propositions 12 and 13, that there is (G, c), with vertex partition K ∪ L (where |K| = e(H) · |H| · h), such that every non-edge in L is R(H)-saturated and there is no rainbow copy of H in (G, c). If there are any non-edges which are not R(H)-saturated we can just add those edges with appropriate colours to G obtaining (G ′ , c ′ ). Therefore (G ′ , c ′ ) is R(H)-saturated and the number of edges in G ′ is at most (n−|K|)·|K|+|K| 2 = n·|K| = (1 + o H (1))c H · n log n, where c H = 2e(H)(|H| − 2).
Theorem 1 restricted to the class of connected graphs follows easily as a corollary of the previous Theorem and Theorem 11.
Corollary 15. Let H be a connected graph on at least three vertices which is not a star. Then, for every t ≥ e(H), sat t (n, R(H)) = O(n log n).
Proof. If H contains a cycle then we are done by Theorem 14. If not, then H is a tree containing a non-pendant edge and the result follows from Theorem 11.
Graphs with leaves
In this subsection we are concerned with connected graphs which contain a leaf. In [1] Barrus et al. showed that, with few exceptions, if a connected graph H has a leaf, then for
, sat t (n, R(H)) = Θ(n). , we have sat t (n, R(H)) = Θ(n).
To prove similar bounds for the remaining connected graphs containing a leaf we shall introduce some terminology. We let H k,ℓ to be the graph obtained by taking a K k (for some k ≥ 3) and adding two new vertices x and y, where x adjacent to some ℓ vertices of the clique and yx is a pendant edge. We shall call x the middle vertex and y the leaf vertex. Note that all such graphs are isomorphic however we choose the ℓ neighbours of x in K k . Also, observe that the graph K k with a rotated edge is just H k−1,k−2 .
The following proposition shows that for any ℓ ≤ k −2, the t-rainbow saturation number of H k,ℓ is linear in n when the number of colours is sufficiently large.
Theorem 17. For any 2 ≤ ℓ ≤ k−2 and t ≥ k(k−1) we have that sat t (n, R(H k,ℓ )) = O(n).
is a disjoint union of two cliques of size k, say C 1 , C 2 , and L is independent set on n − 2k vertices. Now, fix ℓ + 1 vertices C 1 and ℓ + 1 vertices of C 2 and join each vertex in L to all of those vertices.
Let
be a disjoint union of colours and A ′ ⊆ A, B ′ ⊆ B be any subsets of size ℓ + 1. We shall describe the colouring of the edges of G. First, colour the edges of C 1 using distinct colours from A, and colour the edges of C 2 using distinct colours from B. Now given a vertex from L colour the edges it is adjacent to using distinct colours from B ′ if the edges are incident with C 1 and distinct colours from A ′ if the edges are incident with C 2 . Note that in this colouring each vertex in L is incident with 2(ℓ + 1) edge of different colours.
We claim that there is no rainbow copy of H k,ℓ in G. Suppose for contradiction that W is a rainbow copy of H k,ℓ in G. First let us find a copy of k-clique C in W . Up to symmetry there are two cases: either C uses all the vertices from C 1 or it uses k − 1 vertices from C 1 and one vertex from L. In the former case the middle vertex must be in L and the leaf vertex must be in C 2 . Which is a contradiction since C uses all colours of A and the edge between the middle and leaf vertices uses a colour from A ′ ⊂ A, therefore W is not rainbow. In the other case, when C uses a vertex from L, say z, note first that ℓ = k −2 and therefore the edges between z and the rest of the clique C use all of the colours from B ′ . Observe now that the middle vertex cannot be in C 2 since it has to be adjacent to at least two vertices of the clique C (we assumed that ℓ ≥ 2). Also, the middle vertex cannot be in L since it has to be adjacent to at least one vertex from C 1 ∩ C, hence must be incident with an edge of colour from B ′ but all the colours of B ′ have already been used by the edges incident with z. Therefore the middle vertex must be in C 1 but then the leaf is in L. The colour of the edge between the middle and leaf vertices is therefore in B ′ , which again gives a contradiction. Now we shall show that every non-edge in L is R(H)-saturated with any colour i ∈ [t]. By symmetry, we can assume that i ∈ B. It is easy to check now that adding that edge xy, with x, y ∈ L, and colouring it with i creates a rainbow copy of H k,ℓ using all the vertices from C 1 and x, y, where x and y play the roles of the middle and leaf vertices, respectively.
The following theorem shows that, when r ≥ 4 is even, the t-rainbow saturation of K r with a rotated edge is linear.
Theorem 18. Let r ≥ 4 be even and H be K r with a rotated edge. Then, for any t ≥ r 2 , sat t (n, R(H)) = O(n).
Proof. Assume t = r 2 . We first define a graph Γ with vertex set [r] r 2 and an edge between each pair of vertices that differ in exactly one component. Now we will define an edge colouring of Γ.
We identify the elements of (e) , where e = {S(x), S(y)}. We claim that every clique in Γ is rainbow and that every vertex is incident with exactly one edge of each colour. For the first claim, observe that the restriction of S to a maximal clique is a bijection from the vertices of that clique to those of our K r , and the function e → g c(e) k + g −1 c(e) (e) , where k is the component on which all the elements of the clique differ, permutes the edges of K r . For the second claim, let f be any edge of our K r and let i = c(f ) be its colour. Given a vertex x of Γ, let v be the unique vertex of K r such that {v, S(x)} is coloured i. Notice that x has exactly r 2 neighbours y such that S(y) = v, and each of these neighbours differs from x in a different component, hence each edge xy is a coloured with a different i-coloured edge of K r , hence x sees the colour f . Therefore every vertex of Γ sees every colour. But every vertex of Γ has degree r 2 , so it must be incident with exactly one edge of each colour. To show that Γ is R(H)-free, we first observe that every clique in Γ is a subset of a maximal clique. Hence if there is a rainbow copy of H in Γ, the "missing" edge of this copy must have the same colour as the pendant edge, contradicting the fact that the colouring of Γ is proper. Now, for any n, let G be a graph on n vertices consisting of the disjoint union of n r r 2 copies of Γ and a monochromatic clique on the leftover vertices. G is R(H)-free because each of its components is. Suppose we add to G a new edge e in any colour i. One endpoint x of this new edge must be in a copy of Γ. Since x is incident with an edge of colour i and this edge is in a rainbow copy of K r , removing this edge and adding e creates a rainbow H. G is therefore an R(H)-saturated graph with at most 
Complete graphs
Theorem 19. For any r ≥ 3 there exists a positive constant c r (depending only on r) such that the following holds. For any n and t = t(n) ≥ r 2 , sat t (n, R(K r )) ≤ max c r log t n log n, 2(r − 2)n .
We have not made any attempts to optimize the constants c r .
Proof. First it is clear we may assume n is sufficiently large by taking c r large enough. Note that if t ≤ r 7 , by Theorem 14 we have
rn log n ≤ r 3 log r 7 log t n log n = 7r 3 log r log t n log n,
for n large enough, depending only on r. We may then assume that t ≥ r 7 . Let ℓ be a positive integer (to be specified later) and G be the union of 2ℓ disjoint (r − 2)-cliques together with an independent set M of size n−2(r −2)ℓ, where each edge with one endpoint in M and the other in one of the cliques is present, and there are no edges between two distinct cliques. Observe that G does not contain any copies of K r , because any such copy would need to use at least two vertices from M . Let A, B an equipartition of the integers {1, 2, . . . , t} (thus, A, B partition [t] and ||A| − |B|| ≤ 1). Now, we shall arbitrarily colour the edges of the first ℓ (r − 2)-cliques with the colours from A and the edges of the remaining ℓ (r − 2)-cliques with the colours from B, such that in each clique no colour appears twice. For each (r − 2)-clique K, let C K be the set colours used by the edges of K. Moreover, for each vertex x ∈ M and each clique K, we shall take a subset B x,K ⊆ A \ C K , if C K ⊆ A, or B x,K ⊆ B \ C K otherwise, of size r − 2 uniformly at random (and independently for every choice of x and K) and colour each edge from x to K with a different element of B x,K . Our aim is to prove that with positive probability the addition of any coloured edge between two vertices in M will form a rainbow copy of K r . To do so, let us compute the probability that some edge e = xy, with both endpoints in M , coloured c creates a rainbow copy of K r . By symmetry, we can assume that c ∈ B. Let t ′ = |A| − r−2
First, we need the following easy claim.
Claim 1. For positive integers s, u with s ≥ 2u − 1 the following holds
Proof. Note first, that since s ≥ 2u − 1 we have
where the last inequality follows from Bernoulli's inequality:
Observe that by construction c ∈ C K ′ ∪ B x,K ′ ∪ B y,K ′ hence as long as B x,K ′ and B y,K ′ are disjoint we are done, i.e., there is a rainbow copy of K r in {x, y} ∪ K ′ . Let us bound the probability that B x,K ′ and B y,K ′ are disjoint. To do that, we apply Claim 1 with s = t ′ and u = r − 2:
Hence, since t ′ ≥ t/2 − 1 and t ≥ r 7 , we have
Note, there are ℓ rainbow copies of K r−2 which only use colours from A, so we deduce that
P{e in colour c does not create a rainbow K r } ≤ t −ℓ/2 .
Therefore, the probability that some edge with both endpoints in M is bad, i.e. the addition of e in some colour does not form a rainbow copy of K r is at most
This holds because if we colour e in some colour not appearing in the edges of the graph, then we clearly form a rainbow copy of K r . Hence, taking ℓ = max 10 log n log(t)
, 1 , we get P{ some edge is bad } ≤ e(G)
We have thus proved there exists a colouring of G for which no edge with both endpoints in M is bad. If there are still some unsaturated non-edges in G, just keep adding them with appropriate colours to G. Let N = V (G) \ M . We are done as
log t n log n. In order for the graph to be well-defined we must take n big enough (depending on r only) so that 2(r − 2)ℓ ≤ n.
Observe that as long as t(n) ≥ Ω(n) we have sat t (n, R(K r )) = Θ(n).
Corollary 20. For any r ≥ 3 we have
Proof. When n ≤ 2(r − 2) then the results follows trivially by considering a monochromatic K n . We can therefore assume that n ≥ 2(r − 2). Observe that when there is not restriction on the number of colours then in our construction we can assign each edge a different colour. In that case we can take ℓ = 1, which corresponds to a disjoint union of an independent set A and two (r − 2)-cliques B and C, such that all the edges between C and A ∪ B are present, and possibly some edges between B and C. The number of edges is then at most 2(r − 2)n.
We conjecture that this bound is best up to an additive constant. The following construction gives a better upper bound for the rainbow saturation numbers of a triangle, at least when t is not too large compared to n.
Theorem 21. For any t ≥ 3 with t ≡ 1 or 3 (mod 6), then
n log n + 3n.
In particular, sat 3 (n, R(K 3 )) ≤ 3 log 3 n log n + 3n. Proof. Let S be a Steiner triple system of order t, i.e., a set of three-element subsets of [t] such that every pair of elements of [t] is contained in exactly one element of S. We call the elements of t points and the elements of S lines. It can be shown 1 that such a system exists if and only if t ≡ 1 or 3 (mod 6) and that any such system has exactly
lines. We define a binary operation ⋆ : This operation has the property that, for every fixed a in [t], the map b → a ⋆ b permutes the elements of each line containing a. We also let F = {(ℓ, p) : p ∈ ℓ ∈ S} and call the elements of F the flags of S. The number of flags is 3|S| = t 2 . For each line ℓ, we choose an arbitrary ordering of the points on ℓ and, for any i ∈ [3], we let ℓ (i) denote the i th point of ℓ.
Given n, let k be the smallest natural number such that
log n + 1. Let G be the complete bipartite graph with parts V ⊆ F k and
, with |V | = n − 3k. We define a colouring c of the edges of G as follows: for each f ∈ V and (i, j) ∈ K, let c ({f, (i, j)}) = p ⋆ ℓ (j) , where (ℓ, p) is the i th component of f .
To show that adding an edge between two vertices in V creates a rainbow triangle, it suffices to show that every pair of such vertices is joined by either two disjoint rainbow paths of length two using disjoint sets of colours or three such paths that each use a different pair of colours from a set of three. Suppose f and f ′ are k-tuples of flags that differ in the i th component, say f i = (ℓ, p) and f ′ i = (ℓ ′ , p ′ ). First, consider the possibility that ℓ = ℓ ′ and p = p ′ . In this case, for every j ∈ [3] , p ⋆ ℓ (j) = p ′ ⋆ ℓ (j) , and neither is equal to (p ⋆ p ′ ) ⋆ ℓ (j) . Thus each path f -(i, j)-f ′ is a rainbow path of length two using a distinct pair of colours from ℓ. Next, if ℓ = ℓ ′ , then each edge {f, (i, j)} is coloured with a different point from ℓ and each edge f ′ , (i, j) is coloured with a different point from ℓ ′ for j ∈ [3] . Since ℓ and ℓ ′ have at most one point in common, at most one path f -(i, j)-f ′ is monochromatic. If this is the case, then the other two such paths are rainbow with disjoint sets of colours. Otherwise, all such paths are rainbow, and at most one pair of them have a colour in common, so there is a pair that uses disjoint sets of colours.
It is possible that adding an edge between two vertices in K in some colour does not create a rainbow triangle; there are at most |K| 2 such edges. We can add these coloured edges to (G, c) to form an R(K 3 )-saturated t-edge-coloured graph (G ′ , c ′ ) with at most
edges.
When t = 3, the coefficient of the n log n term in the upper bound is 3 log 3 , while for large values of t it is approximately 1.5 log t . Note that, for values of t that aren't congruent to 1 or 3 modulo 6, we can obtain similar bounds with slightly better coefficients t using maximum partial Steiner systems, as defined and constructed in [10] 2 .
2 The maximum number of lines in a partial Steiner triple system of order t is In this section we shall show that the rainbow saturation number of a disconnected graph can be bounded above by the rainbow saturation number of one of its connected components, up to an O(n) term. Moreover, we shall show that if H is a disconnected graph with no isolated vertices, then the t-rainbow saturation number of H is at most O(n log n) answering a question from [1] for disconnected graphs. Throughout this section we shall assume that H has no isolated vertices. For a sequence of graphs H 1 , . . . , H k we say that H i is maximal, for some i ∈ [k], if H i is not isomorphic to any proper subgraph of H j for any j ∈ [k]. Observe that every sequence has a maximal element; for example, we can take one with the largest total number of vertices and edges.
Proposition 22. Let H be a graph with connected components H 1 , . . . , H k and let H i be a maximal component. Then, for every t ≥ e(H), we have
Proof. Without loss of generality we may assume that i = 1 and
, and that no other component is isomorphic to
Let t ′ = e(H) ≤ t and consider the following graph G on n vertices. First add vertex disjoint copies of all possible rainbow copies of H ′ for every subset of size |e(
Write V 1 for the set of vertices spanned by these copies. Second, consider the following coloured graph H ⋆ 1 : for every set A of colours of size e(H 1 ) inside [t ′ ], we add a rainbow of copy of H 1 with colours in A, where all rainbow copies share exactly one vertex. Now we add ℓ − 1 vertex disjoint copies of H ⋆ 1 to G and define V 2 to be the set of vertices spanned by these copies. In the set V (G) \ (V 1 ∪ V 2 ), consisting of the remaining vertices, we add a R(H 1 )-saturated graph on t colours. It is easy to check that every non-edge in V (G) \ (V 1 ∪ V 2 ) is R(H)-saturated. Finally, if there are any non-edges which are not R(H)-saturated, we add those edges to G in some colour that does not create a rainbow H. Clearly, there are at most O(n) such edges.
Let us show G does not contain a rainbow copy of H. Suppose for contradiction that it does. We shall obtain a contradiction by showing that the number of vertex disjoint rainbow copies of H 1 in G is strictly smaller ℓ. 
does not contain a rainbow copy of H 1 . Therefore there are at most ℓ − 1 vertex disjoint rainbow copies of H 1 .
Let p = |V 1 ∪ V 2 |. Observe that p = Θ(1) as n goes to infinity. Therefore the number of edges in G is at most p We have the following immediate corollary.
Corollary 23. Let H be a graph containing at least one component which is not a star and let H ′ be a maximal component among the components of H which are not stars. Then, for every t ≥ e(H), we have
Proof. Observe that H ′ cannot be a subgraph of a star, hence by Proposition 22 and Corollary 15, we have that
We showed that if a disconnected graph contains a component which is not a star then its rainbow saturation number is subquadratic. Since stars have rainbow saturation number which is quadratic in n, one might suspect that the same should hold for disconnected graphs where each component is a star. The following proposition shows that this is not the case.
Proposition 24.
A Let H = S 1 ∪ S 2 ∪ · · · ∪ S k be a graph with more than one component, each of which is a star. Then for every t ≥ e(H) we have 
is a complete graph of size a + b − 1 and L is an independent set of size n − |K|. Let K = {x 1 , . . . , x a+b−1 }. First we join every vertex x i ∈ K and with every vertex y ∈ L and give the edge colour i. Next we shall describe the colouring of the edges inside K. Let x i , x j ∈ K where i ≤ j. If i ≤ a and j ≥ a then assign a + b as the colour of x i x j , otherwise assign j as the colour of x i x j .
We claim that there is no rainbow copy of S 1 ∪ S 2 in G. To see that, observe first that every rainbow copy of S i in G uses at least |S i | − 1 vertices of K. Indeed, suppose for contradiction that it is not the case and that there is a rainbow copy of S i which uses fewer than |S i | − 1 vertices of K. Then it must use at least two vertices, say x, y, of L. It follows from independence of L that the center z of that rainbow copy must be in K. We obtain a contradiction by noticing that zx and zy have the same colour. Therefore if there is a rainbow copy of S 1 ∪ S 2 then it has to use at least a + b vertices of K, which is a contradiction since there are only a + b − 1 such vertices.
Next we shall show that every non-edge is R(H)-saturated. Consider any non-edge xy in L and any colour c ∈ [t].
If c ≤ a then we find a copy of S 1 in {x, y, x 1 , . . . , x a } \ {x c } with x being the center and a copy of S 2 in {x c , x a+1 , . . . , x a+b−1 , z} with x a+1 as the center, for any z ∈ L \ {x, y}.
Observe that those two copies are vertex disjoint and the copy of S 1 uses only colours from [a] and the copy of S 2 uses colours from [a + 1, a + b]. Hence we have a rainbow copy of
If c ∈ [a + 1, a + b − 1] then we find a copy of S 2 in {x, y, x a , . . . , x a+b−1 } \ {x c } with x being the center and a copy of S 1 in {x 1 , · · · , x a−1 , x c , z} with x 1 as the center, for any z ∈ L \ {x, y}. Observe that those two copies are vertex disjoint and the copy of S 1 uses only colours from [a − 1] ∪ {a + b} and the copy of S 2 uses colours from [a, a + b − 1]. Hence we have a rainbow copy of S 1 ∪ S 2 .
In the remaining case when c ≥ a + b, it is easy to check that we can find a rainbow copy of S 1 ∪ S 2 where both of the centers are in L.
Observe that we have e(G)
edges and G ′′ is the vertex-disjoint union of k − 2 rainbow copies of t ⋆ -stars. It is easy to check that there is no rainbow copy of H in G. Indeed, by assumption there can not be two vertex-disjoint rainbow copies of distinct components of H appearing in G ′ . Note as well that there can only be at most k − 2 vertex-disjoint stars in G ′′ , hence in total there are at most k − 1 disjoint rainbow components of H in G. Finally, it is clear that the addition of any coloured non-edge inside G ′ creates a rainbow copy of H. Now, we keep adding edges to G (with both endpoints in G ′′ or with one endpoint in G ′ and one in G ′′ ) until G is saturated.
The case k = 2 shows that sat t ⋆ (n, R((S 1 ∪ S 2 ))) ≤ (|S 1 | + |S 2 | − 3)n, hence, the number of edges in G is at most (n − |G ′′ |)|G ′′ | + |G ′′ | 2 + e(G ′ ) ≤ n|G ′′ | + (|S 1 | + |S 2 | − 3)n ≤ O(n).
We have the following corollary from Propositions 22 and 24.
Corollary 25. Let H be a disconnected graph. Then for every t ≥ e(H) we have sat t (n, R(H)) ≤ O(n log n) ≤ o(n 2 ).
Proofs of Theorems 2 and 3
We are now ready to deduce Theorems 2 and 3.
Proof of Theorem 2. First, note that item (i) is a result appearing in [1] and item (v) is just a restatement of Theorem 18. Now, the lower bounds in items (ii), (iii) follow by Theorems 5 and 6, respectively, and the upper is a consequence of Theorem 14 since in both cases H must contain a cycle. In item (iv) the lower bound follows from Lemma 4 and the upper bound follows from Theorem 11.
Proof of Theorem 3. Observe first that if H is a connected graph on at most four vertices which contains a leaf and no conical vertex, then H must be a path on four vertices, hence by Theorem 2(iv) its t-rainbow saturation number is linear. We may therefore assume that |H| ≥ 5. Let xy be a pendant edge of H. If H \ {x, y} is not a clique then we are done by Theorem 16. Hence, we may then assume H = H k,ℓ for some k ≥ 3 and ℓ ≤ k − 1. Suppose ℓ ≤ k − 2, then result follows by Theorem 17. Hence, we may assume ℓ = k − 1 in which case k must be odd, by assumption, and therefore H is a K k+1 with a rotated edge, so we are done by Theorem 18.
Conclusions and Open Problems
We have shown that for any t ≥ r 2 , sat t (n, R(K r )) = Θ(n log n) when n → ∞, i.e., there exist constants c 1 = c 1 (t, r) and c 2 = c 2 (t, r) such that c 1 n log n ≤ sat t (n, R(K r )) ≤ c 2 n log n. However, there is still an enormous gap between our lower and upper bounds. We conjecture that the true value is closer to the upper bound.
Conjecture 2. For every r ≥ 3, there exists a constant c(r) > 0 such that for every t ≥ r 2 , sat t (n, R(K r )) ≥ c(r) log t n log n for all n ≥ n 0 (t).
When H is an even clique with a rotated edge, we know that sat t (n, R(H)) is always Θ(n) when t ≥ e(H). However, for odd cliques with rotated edges, we do not even know the asymptotic behaviour of sat t (n, R(H)) for large values of t.
Question 1.
If H is a copy of K r with a rotated edge (as shown in Figure 2 ) for some odd r ≥ 5 and t ≥ r 2 , what is the asymptotic growth rate of sat t (n, R(H))? The following conjecture together with Theorem 2 and Question 1 would completely classify the possible rates of growth of sat t (n, R(H)) for all connected graphs H and every constant t ≥ e(H). Conjecture 3. Let H be a connected graph (other than an odd clique with a rotated edge) with an edge not in a triangle and no conical vertex. Then, for every t ≥ e(H), sat t (n, R(H)) = O(n).
Note that we can confirm this conjecture when the number of available colours is at least |H|−1 2
. Indeed, either H is in one of the classes defined in Theorem 2, in which case we are done, or H has a leaf and is not a clique with a rotated edge, hence by Theorem 3 we have sat t (n, R(H)) = Θ(n).
Another interesting question is what happens if t is an increasing function of n.
Question 2. For any connected graph H, how does the growth rate of t = t(n) affect the growth rate of sat t (n, R(H))? In particular, for complete graphs K r , what happens when t ∼ log n, and how fast must t grow before sat t (n, R(K r )) = O(n)?
Note that Theorem 19 shows that when t = Θ(log n) then sat t (n, R(K r )) = O( log n log log n n) and when t ≥ Ω(n) then sat t (n, R(K r )) = O(n).
One could go even further and consider the case when, not only t is an increasing function of n, but moreover t(n) ≥ n 2 , i.e., there is no restriction on the size of the colour palette. In the paper we only considered this question for complete graphs and showed that sat (n, R(K r )) ≤ 2(r − 2)n for any r ≥ 3.
Recall that the construction in Corollary 20 is a disjoint union of an independent set A and two (r − 2)-cliques B and C, such that all the edges between C and A ∪ B are present and all the edges in B, C and between A and B ∪ C receive different colours. We conjecture that, for n ≥ 2(r − 2), the above construction is best up to the configuration of the edges between A and B.
Conjecture 4. For any integer r ≥ 3 there exists a constant C r depending only on r such that, for any n ≥ 2(r − 2), sat (n, R(K r )) = 2(r − 2)n + C r .
Finally, we conjecture that, like the ordinary saturation numbers, the rainbow saturation numbers of any graph are at most linear in n.
Conjecture 5. For any graph H, sat (n, R(H)) = O(n).
